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Abstract 

We are concerned on the possibility of finite time singularity in 
a partially viscous magnetohydrodynamic equations in M n , n = 2, 3, 
namely the MHD with positive viscosity and zero resistivity. In the 
special case of zero magnetic field the system reduces to the Navier- 
Stokes equations in W n . In this paper we exclude the scenario of 
finite time singularity in the form of self-similarity, under suitable 
integrability conditions on the velocity and the magnetic field. We 
also prove the nonexistence of asymptotically self-similar singularity. 
This provides us information on the behavior of solutions near possible 
singularity of general type as described in Corollary 1.1 below. 
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1 Introduction 



The equations of magnetohydrodynamics(MHD) with zero resistivity in M n , 
n = 2, 3, are the following. 

ov I 

— + { v .\7) v = v Av - V(p + -\b\ 2 ) + {b ■ V)6, (1.1) 

§ + (« • V)6 = (6 • V)«, (1.2) 

div i> = div 6 = 0, (1-3) 

v(x,0) = v (x), b(x,0) = bo(x), (1.4) 

where t> = (t> i, ■ ■ • , v n ), Vj = Vj(x, t), j = 1, ■ • • , n, is the velocity of the flow, 
b = {pi, ■ ■ ■ ,b n ), bj = bj{x,t), is the magnetic field, p = p{x,t) is the scalar 
pressure, v > is the viscosity of the fluid, and v , 6 are th e given ini- 
tial velocity and magnetic fields, satisfying div vq = div b = 0, respectively. 
The system (jl.ip - (jl.4j) describes the macroscopic behavior of electrically con- 
ducting incompressible fluids with extremely high conductivity. In the origi- 
nal (fully viscous) equations of magnetohydrodynamics, besides the viscosity 
term, uAv, in (II. ip we have the resistivity term, rjAb, in the right hand side 
of (ll.2p . where rj is the resistivity constant, which is inversely proportional 
to the electrical conductivity constant, a. In the extremely high electrical 
conductivity cases, which occur frequently in the cosmical and geophysical 
problems we ignore the resistivity term to have our system (Il.ll) - fll.4p (see 
e.g. [4]). We are concerned here the mathematical question of the global 
well-posedness/finite time singularity of the system fll.lD - fll.4p . The proof of 
local well-posedness of the Cauchy problem is rather standard(actually the 
necessary essential estimates are derived in the proof of Lemma 2.1 below), 
and similar to the case of fully viscous MHD is done in [17] . The question of 
spontaneous apparition of singularity from a local classical solution is a chal- 
lenging open problem in the mathematical fluid mechanics. The situation is 
similar to the both of the cases of ideal MHD and fully viscous MHD. We 
just refer some of the studies on the finite time blow-up problem in the ideal 
MHD (|H El [?l dUl E] and references therein). In order to discuss the self- 
similar singularity of the system fll.ip - (ll.4|) we first observe that it has the 
following scaling property: If {v, b,p) is a solution of fll.ip - (ll.4|) corresponding 
to the initial data {vq, bo), then for any A > the functions 

v x {x, t) = Xv{Xx, X 2 t), b x {x, t) = Xb{Xx, XH), 
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and 

p x (x,t) = \ 2 p(Xx, \ 2 t) 

are also solutions with the initial data Vq(x) = Xv (\x), b^x) = Xb (\x). 
In view of the above scaling property the self-similar blowing up solution 
(v (x, t), b(x, t)) of the system fll.ll) - fll.4p . if it exists, should be of the form, 

"<*•'> = vr=T l 'fe)- (L5) 
- jh p hr^) (L7) 

for t close to the possible blow-up time T*. If we substitute fll.5n ~ f11.7p into 
f ll.ll) -( fl~4l) . then we find that (V, B, P) should be a solution of the stationary 
system: 

-V + -(y ■ V)V + {V ■ V)V = uAV + {B ■ V)B 

-V(P+i|5| 2 ), (1.8) 

l -B + l(y • V)B + (V • V)B = (B • V)V, (1.9) 

div V = div B = 0. (1.10) 

Conversely, if (V, B, P) is a smooth solution of the system f ll.8p - fll.10p . then 
the triple of functions (v,b,p) defined by fll.5p - fll.7l) is a smooth solution of 
fll.ll) - fll.4p . which blows up at t = T*. The search for self-similar singularities 
of the form, fll.5p - fll.7l) was suggested first by Leray for the 3D Navier-Stokes 
equations in [T3], and its nonexistence was first proved by Necas, Ruzicka 
and SVerdk in [15] under the condition of V G L 3 (M 3 ) n Hl oc (R 3 ), the result 
of which was generalized later by Tsai to the case L P (M 3 ) D if/ oc (lR 3 ) with 
p > 3 in [19]. Their proofs crucially depend on the maximum principle of 
the Leray system, 

\v+\(y V)V + {V ■ V)V = -VP + uAV, div V = 0, 

which corresponds to a special case(I? = 0) in fll.8l) - fll.lOI) . The correspond- 
ing maximum principle for fll.8p - fll.10p . however, cannot be obtained by ap- 
plying similar method used in [TSJ |T9] (The situation is similar even if we have 
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'special' resistivity term uAB to the right hand side of (jl.9p ). Due to this 
fact there are difficulties in extending the nonexistence results for the self- 
similar singularity of the 3D Navier-Stokes system to our system fll.ll) - (ll.4p . 
Recently, the author of this paper developed new method to prove nonex- 
istence of the self-similar singularity of the 3D Euler system under suitable 
integrability condition on the vorticity([2j). Here we first combine the argu- 
ment in (^) together with the results by |T5l UH] to obtain the nonexistence 
of self-similar blowing up solutions, the precise statement of which is in the 
following theorem. 

Theorem 1.1 Suppose there exists T* > such that we have a representa- 
tion of a solution (v,b) to M.l\) - (lJ$ by U.5\) - l[T7b)) for all t G (0, T*) with 
(V, B) satisfying the following conditions: 

(i) (V,B) G [C^W 11 )} 2 , W G L°°(M n ), and div V = divB = 0. 

(ii) In the case n = 3, there exists q\ G [3, oo) such that V G L Ql (M. 3 ). 
In the case n = 2, V G L 2 (1R 2 ). 

(Hi) There exists q2 > such that B G L q (R n ) for all q G (0, q-z). 
Then, V = B = 0. 

Remark 1.1 In order to illustrate the integrability condition for B in (iii) 
above we make the following observations: If a function f(x) on IR n satisfies 

sup(l + |a;| fc )|/(x)| < oo VA; G N, 

then / G L p (R n ) for all p G (0, oo). Indeed, given p G (0, oo), we choose 
k = [^-]- Then, we have 

\ \f(x)\ p dx< / j-fr dx<C(n,p) — dr <oo. 

V -J R n\l + \x\ k J ~ K,y 'J (1+7-+ 1 ) 

Under different type of decay conditions on (V, B) from the above theorem, 
we could also have similar nonexistence result as follows. 

Theorem 1.2 Suppose there exists T* > such that we have a representa- 
tion of a solution (v,b) to U.1\) - [L4\ ) by M.5\) - [Tlfy for all t G (0, T*) with 
(V, B) satisfying the following conditions: 
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(i) (V, B) E [H m (R n )} 2 , m>n/2 + l 

(ii) ||W||i«, + || V£>||l=o < r], where r\ is a sufficiently small constant to be 
determined in Lemma 2.1 in the next section. 

Then, V = B = 0. 

Remark 1.2 The above theorem implies the 'stability of the null solution 7 of 
the stationary system (jl.8j) - (ll.l0p . Namely, there exists r\ > such that if 
(V,B) is a solution to (O) - (O0|) and belongs to a ball B(0,rj) = {X = 
(V, B) G H m (R n ) ; || VX|| L oo < r?}, where m > n/2 + 1, then (V, B) = (0, 0). 

Next, we consider more refined scenario of 'asymptotically self-similar sin- 
gularity', which means that the local in time smooth solution evolves into 
a self-similar profile as the possible singularity time is approached. A sim- 
ilar notion was considered previously by Giga and Kohn in the context of 
the nonlinear scalar heat equation in [9]. Recently, the author of this pa- 
per (|3j) considered it in the context of 3D Euler and the 3D Navier-Stokes 
equations(see also [H]), and excluded its scenario. We apply the idea devel- 
oped in [3] to exclude asymptotically self-similar singularity of our system 

Theorem 1.3 Let (v,b) G [C([0, T); H m {R n ))] 2 , m > n/2 + l, be a classi- 
cal solutions to U.1\ )- [L4\ ). Suppose there exist functions V,B satisfying the 
conditions (i)-(iii) for V,B in Theorem 1.1 such that the following bounded- 
ness and the convergence hold true: 



sup (T — 1)~ 

0<t<T 



V{;t) 



zV 



+ sup (T-t) — 

0<t<T 



i 



b(;t) 



,B 



< oo, 



ri.ii' 



lim(T-i) 

t/T 



-.vv 



+ lim(T - 1) 

t/T 



V6(.,t) 



VT^t KVT^t 
1 



L°° 



T-t 



-VB 



VT^t 



0. 



1.12) 
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Then, V = B = 0, and (v,b) can be extended to a solution of hl.l\) - ^TJ$ in 
[0,T + 5] x R n , and belongs to C([0, T + 5};H m (R n )) for some S > 0. 

Remark 1.3 Unlike to the cases of the Euler equations ([3]), the convergence of 
(I1.12p is not in the critical Besov space norms for the quantities of vorticities 
and current densities, but in the Lipshitz norm for the gradients of veloci- 
ties and magnetic fields. Actually due to the non-symmetry of the viscosity 
terms(the term vlSv for the velocity evolution equations (ll.ip . and zero for 
the magnetic field evolution equations (11.21) ) we cannot obtain critical Besov 
space type of norm estimates in the procedure of proof of the above theo- 
rem(see the proof in the next section below). 

As an immediate corollary of Theorem 1.3 we have the following information 
of the behaviors of solution near possible singularity which is not necessarily 
of the self-similar type. 

Corollary 1.1 Let (v,b) e [C([0, T*); H m (W 1 ))} 2 , m > n/2 + 1, be a classical 
solutions to U.1\) - (T7$) , which blows up at T. We expand the solution of the 
form: 



v(x, t) 
b(x,t) 



VT^t 
1 



x 



x 



+ v(x,t), 

+ &0M)> 



;i.is) 
;i.i4) 



where (V,B) satisfies the conditions (i)-(iii) for (V,B) in Theorem 1.1. 
Then, either 



hmsup (T-t)^(\\v(t)\\ L1 + \\b(t)\\ L1 : 

t/T L 



OO, 



;i.i5) 



or there exists Eq > such that 



limsup [(T - t)(\\Vv(t)\\ L *o + ||V&(t)|| L ~)] > e . 

t/T 



;i.i6) 



2 Proof of the theorems 

Proof of Theorem 1.1 We assume classical solution (v, b) of the form 
(11.5p - (11.6p . We will show that this assumption leads to V = B = 0. By 
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consistency with the initial condition, b (x) = ~^j^B(-j=), we can rewrite 
the representation (11.61) in the form, 

b(x,t) = (1-^-) 2 bJ(i-L\ \\ v/e [o. :/',.). (2/17) 



Let a i — > X(a,t) be the particle trajectory mapping, defined by the ordinary 
differential equations, 

?*jg*l = v{X(a,t),t) ; X(a,0) = a. 

We set A(x,t) := X^ 1 (x, t), which is called the back-to-label map, satisfying 

A(X(a, t),t) = a, X(A(x, t),t) = x. (2.18) 

We note that for our smoothness condition (i) decay condition on the velocity 
(ii) the existence of A(-,t) is guaranteed at lease for t close to J 1 * (see [5]), 
which is enough for our purpose in the proof. Taking dot product (jl.2p by b, 
we obtain 

d\b\ 



dt 

where a(x, t) is defined as 



+ (v-V)|6|=a|6|, (2.19) 



a(x, t) 



with 



^2 s ij ( x > t)& (x, t)£j (x, t) if b(x, t) ^ 

»J=1 

if b{x, t) = 



1 ( dvj i dvi\ ^ j_ f __ ^ b(x,t) 



Sii= 2\W i + W j ) ^ \b(x,t)\ 



In terms of the particle trajectory mapping we can rewrite (I2.19P as 

^\b{X{a,t),t)\ = a(X{a,t),t)\b(X{a,t),t)\. (2.20) 
Integrating (I2.20p along the particle trajectories {X(a, t)}, we have 



\b(X(a,t),t)\ = \b (a)\exp 

7 



a(X(a, s), s)ds 



(2.21) 



Taking into account the simple estimates 

-||Vv(-,t)||ioo < a(x,t) Vi G M", 
we obtain from (I2.2ip that 



\b (a)\ exp 



\Vv (-, s)\\l°o(1s 



< \b(X(a,t),t)\, 



which, in terms of the back-to-label map, can be rewritten as 



\bo(A(x,t))\exp 



\Vv(-, s)\\ L oods 



< \b(x,t)\. 



(2.22) 



Combining this with the self-similar representation formula in ( 12. 17ft . we have 



\b (A(x,t))\ exp 



< 1 



T. 



1 - 



T. 



(2.23) 

Given q e (0,^2), computing L q (M. n ) norm of the each side of (12.231) . we 
obtain 



l&olU* exp 



I Vv (•, s) \\L°°ds 



< life, 



1/8 



1 



n 1 

i\ 2 ' 2 



^2.24) 



where we used the fact det(VA(x, £)) = 1. Now, suppose B ^ 0, which is 
equivalent to assuming that b 7^ 0, then we divide (I2.24p by || frolic to have 



exp 



I Vv (-, s)||ioods 



< 1 



n__l 
I \ 2 9 2 



^2.25) 



Passing g \ in (12.251) . we deduce that 

/ ||Vv(-,s)|U»ds = oo VtG(0,T») 

This contradicts with the assumption that the flow is smooth on (0, T*), 
i.e v G (7 1 ([0,T»);C rl (R n ) n ^-"(R")), which is implied by the by the ex- 
plicit representation formula (ll.5p - (ll.6l) . combined with the assumption (i). 
Hence we need to have B = 0. Setting B = in the system (ll.ll) - (ll.4p . 
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it reduces to the incompressible Navier-Stokes system in M n . When n = 3 
we apply Necas-Ruiicka-SVerdk's result in [T5] for q± = 3 and Tsai's result 
in [19] for q\ G (3, oo) respectively. Then, we obtain V — 0. In the case 
n = 2 we recall that in the 2D Navier-Stokes equations for the initial data 
v (-) = -j^V(^) G L 2 (R 2 ) the solution v belongs to C°°((0,oo) x M 2 )(see 
e.g. [IE]), an d hence we need to have V = 0. □ 

In order to prove Theorem 1.2 and Theorem 1.3 we establish the following 
continuation principle for local classical solution of (ll.ll) - (ll.4p . 

Lemma 2.1 Let (v,b) G [C([0, T); H m (R n ))] 2 , m > n/2 + 1, be a classical 
solution to $ 1 . . There exists an absolute constant rj > such that if 

sup (T-t){||Vv(t)|U=o + ||V6(t)|U«}<7 7 , (2.26) 

0<t<T 

i/ien i/ie solution (v(x,t),b(x,t)) can be extended to be functions on [0,T + 
5] x R n , and belongs to C([0,T + <S]; # m (M n )) /or some 5 > 0. 

Proof Let a = (oti, ■ • • , a n ) G (N U {0}) n be a standard multi-index with 
|a| =«! + ••• + a n . We take operation _D a = d" 1 • ■ • <9" n on (11.11) . and take 
L 2 (IR n ) inner product it with D a , summing over \a\ < m after integration by 
parts. Then, we obtain 

~\M 2 Hm + v\\Vvf Hm = {D a {v-V)v-{v-V)D a v,D a v) L2 

\a\<m 

+ • V ) 6 - ( 6 • V)L> Q 6, D a v) L 2 + (6 • V)D a 6, D a v) L 2, 

\ct\<m |«|<m 

(2.27) 

where we used the facts, 

((v V)D a v,D a v) L2 = \ ! (v V)\D a v\ 2 dx = -- [ (divv)\D a v\ 2 dx = 0, 
and 

D a V(p + \\v\ 2 )) L , = -(D a (div v), D a (p + \\v\ 2 )) L , = 0. 
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„„. -= - ( Da ( v ■ V ) & - ( v ■ V)D a b, D a b) L 2 



Applying the well-known commutator estimated 

\\D a (fg) - fD a g\\ L2 < C(\\Vf\\ Hm -, + \\f\M\gWL-), 

\a\<m 

to the terms of the right hand side of (I2.27p . we have 

+C||V6|| L <»||6|| fl » B ||T;||fl W + ^2((b-V)D a b,D a v)v. (2.28) 

|a|<m 

Similarly, starting from ( 11. 2ft . we can deduce 

-^-\\bf 

2dt u 1 

\a\<m 

+ ■ V ) v - ( v • V)D a v, D a b)v + ^2((b- V)D a v, D a b) L 2 

\a\<m \a\<m 

<C7||Vi;|U«»||6||^+C7||V6|U»||T;||fl>»||&||fl*»+ ((b -V)D a v,D a b) L 2. 

\ce\<m 

(2.29) 

We observe that 

((& ■ V)D a b, D a v) L 2 = _£((&. V)D a v, D a b) L 2, 

\a\<m |a|<m 

which is obvious by the integration by part. Thus, adding (12.281) to (I2.29p . 
we obtain 

i^ 01 ^ 11 ^^ _hZ ' 11 ^ 11 ^ - C'dl^lU- + II^IU-)(ll^lllr--H llfolllr-), 

(2.30) 

where we used the inequality, ab < |(a 2 + b 2 ). From (I2.30p we first derive 
the inequality 

\\v(t)\\ 2 Hm + \\b(t)\\ 2 Hm + u [ \\Vv(s)\\ 2 Hm ds 

J t 

- r t 

<(|Kt )||^ + ll^o)||^)exp 



Ut 



{\\S7v{s)\\ L - + \\Vb{s)\\ LO o)ds 

(2.31) 
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for all < t < t, which implies the continuation principle that if 



|Vu(s)|| L oo + \\Vb{s)\\ L ~)ds < oo, 



to 



then ||t;(T)||jfm + ||&(T)||frm < oo, and we can continue our classical solu- 
tion (v{t),b{t)) E [H m (R n )] 2 up to [t ,T + 5] so that {v, b) e [C([Q,T + 
8]; H m {R n ))} 2 for some 5 > 0. Next, using the estimate (12.301) . we derive 



d 
dt 



{(T - t)(\\vf Hm + \\b\\ 2 Hm )} + v(T - t)\\Vv\\ 2 Hm + (\M% m + \\b\\ 2 H , 



<(7 (r-t)(||Vi;|Ucc + ||V6|Uo 
for a constant C = C (m,n). We suppose 



\H T 



+ 



I if" 



(2.32) 



sup {(T-t)(||Vi;(t)|U« + ||V6(t)|U-)} < ^r. 



Then, 



j t {(T~ t)(\\vf Hm + \\b\\ 2 Hm )} + v(T - t)\\Vv\\ 2 Hm + ~(\\v\\%, 
and integrating this over [f , T], we have 



sup (T - t)(\\v\\% m + \\b\\ 2 Hm ) + v [ {T - t)\\Vv{t)\\ 

t <t<T J t 



2 dt 



1 

+ 2 



Since H r 



T 



l^)<o, 



Ht)\\w* + \\Ht)\\ 2 H ™)dt < (T - t )(\\v(t )\\ 2 Hm + \\b(t )\\% m . 



to 



(2.33) 



Lip(IR n ) for m > n/2 + 1, we have 



+ ||V6(t)|U»)d*<C / (||t; 



to 



+ ||6(*)IW* 



to 



(\Ht)\\ 2 H ™ + \\b(t)\\ 2 Hm )dt 



to 



< OO. 



Applying the continuation principle derived above, we can continue our local 
solution as described in the theorem. □ 
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Proof of Theorem 1.2 We just observe that 

(T - t)||Vv(t)||i~ = \\V\\ L ~, (T - t)\\Vb{t)\\ L oo = \\VB\\ L oo 

for all t e (to, T). Hence, our smallness condition, ||V^||l°° + ||V-B||l°° < r\, 
leads to 

sup (T - t) {||Vv(t)||icc + ||V6(t)|| L cc} < 77. 

t <t<T 

Applying Lemma 2.1, for initial time at t — to, we conclude that (v , b) e 
[C([to, T); H m {R n ))} 2 cannot have singularity at t = t , hence we need to 
have V = B = 0. □ 

Proof of Theorem 1.3 We change variables from the physical ones (x, t) £ 
W 1 x [0, T) to the 'self-similar variables' (y, s) G R" x [0, oo) as follows: 

x 1. ( T 

s = - log 



y/T=t 2 °\T-t 

Based on this change of variables, we transform the functions (v , p) t— > (V, P) 
according to 

= ^rj v (y> s ^ ( 2 - 34 ) 
K x >t) = -^fr= t B (y> s )> ( 2 - 35 ) 

p(x,t) = -j±=P(y, 8 ). (2.36) 

Substituting (v,b,p) into fll.ll) - fll.4p . we obtain the following equivalent evo- 
lution equations for (V,P), 

( l -V s + U? + ^(y ■ V)V + (V ■ V)V = uAV + (B ■ V)B - V(P + ^\V\ 2 ), 

I l -B s + l -B+ l -{y.V)B + {V-V)B = {B.V)V, 

dwV = divB = 0, 
, V(y, 0) = V (y) = Vfv (Vfy), B(y, 0) = B Q (y) = Vfb (Vfy). 

(2.37) 
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In terms of (V, B) the conditions (11.111) and (j!.12p are translated into 
sup (||V(-, s) - V(-)\\ L1 + \\B(; s) - B(-)\\ L1 ) < 00, 

0<s<oo 

and 

lim ||W(-,s)-VV(-)|k~ = lim ||VB(.,s)-VB(-)|U- =0, 
respectively, from which, thanks to the standard interpolation, we can have 
lim ||V(-,a)-V(-)||fli(fl JI )= I™ \\B(; s) - B(-)\\ hHBr) = (2.38) 



for all < i? < oo, where .Br = {x G M n | |x| < R}. Similarly to [11J, we 
consider scalar test functions £ G C*(0, 1) with J" £(s)ds ^ 0, ^ G C^R" - ) 
and the vector test function = (0 1; • • • , n ) G C*(lR n ) with div = 0. We 
multiply the first equation of (I2.37j) by £(s — k)<p(y), and integrate it over 
]R n x [fc, + 1] , and then we integrate by part for the terms including the 
time derivative and the pressure term to obtain 

60)00) • V(y, s + k)dyds 



+ 



/ / ^)4>(y)-[V + (yV)V + 2(V-V)V](y, S + k)dyds 

JO JR n 

-2 f f £(s)0(y) • (B ■ V)B] (y, s + k)dyds 
Jo Jm. n 

+2u / / f(s) V0(y) ■ VV(y, s + k)dyds = 0, (2.39) 
Jo JR n 



and 



i 

£s(s)ip(y)B(y,s + k)dyds 



o 



+ / / eW(y)[5 + (y-V)S + 2(y.V)S](j/,s + A;)dyda 
Jo Js. n 

-2 f f a^(y)(B-V)V](y,s + k)dyds = 0. (2.40) 
Jo Jm. n 

Passing to the limit k — ► oo in fl2.39l) - fl2.40l) . using the convergence f)2.38p . 
Jo 6( s ) rfs = and £ £( s ) ds ^ °> we find that ^' ^ G C 1 ^ 71 ) satisfies 

/ [V" + (y ■ V)V + 2(V • V)V - 2(5 • V)B] ■ 4>dy + 2v f VV ■ V<pdy = 0, 
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f [B + (y V)B + 2{V ■ V)B - 2{B ■ V)V}4)dy = 0, 

for all vector test function cf) e C^iW 1 ) with div = 0, and scalar test 
function ip e C*(R n ) Hence, there exists a scalar function P', which can 
be written without loss of generality as P' = P + \\B\ 2 for another scalar 
function P, such that 

V+(y- V)V + 2(y ■ V)y = 2uAV + 2(B ■ V)B - 2V(P + — 1^| 2 ), 

(2.41) 

and 

B + (y ■ V)B + 2(V ■ V)B = 2(B ■ V)V. (2.42) 

On the other hand, we can pass s — > oo directly in the incompressibility 
equations for V and B in (12.37!) to have 

div V = div B = 0. (2.43) 

The equations (I2.41l) - (l2.43p show that (V", B) is a classical solution of (jl.8p - 
f ll.lOp . Since, by hypothesis, (V", 5) satisfies the condition (i)-(iii) of Theorem 
1.1, we can deduce V = B = by that theorem. Hence, (??) leads to 

lim ||W(s)|| L » = lim ||VS(s)|| L - = 0. 

Thus, for 77 > given in Lemma 2.1, there exists s\ > such that 

\\VV( Sl )\\ L oo + \\VB(s 1 )\\ L o < v . 

Let us set t\ = T[l — e 2si ]. Going back to the original physical variables, we 
have 

(r-tonv^tOiUcc + cr-toiivftCtOiUoo <77. 

Applying Lemma 2.1, we conclude the proof. □ 

References 

[1] R. E. Caflisch, I. Klapper and G. Steele, Remarks on singularities, dimen- 
sion and energy dissipation for ideal hydrodynamics and MHD, Comm. 
Math. Phys., 184, (1997), pp. 443-455. 



14 



[2] D. Chae, Nonexistence of self-similar singularities for the 3D incompress- 
ible Euler equations, Comm. Math. Phys., in press. 

[3] D. Chae, Nonexistence of asymptotically self-similar singularities in the 
Euler and the Navier-Stokes equations, Math. Ann., in press. 

[4] S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability, Oxford 
Univ. Press, (1961). 

[5] P. Constantin, An Eulerian-Lagrangian approach for incompressible flu- 
ids: local theory. J. Amer. Math. Soc., 14, no. 2, (2001), pp. 263-278. 

[6] D. Cordoba and C. Fefferman, Behavior of several two-dimensional fluid 
equations in singular scenarios, Proc. Natl. Acad. Sci. USA, 98, no. 8, 
(2001), pp.4311-4312. 

[7] D. Cordoba and C. Marliani, Evolution of current sheets and regularity 
of ideal incompressible magnetic fluids in 2D, Comm. Pure Appl. Math., 
53, no. 4, (2000), pp. 512-524. 

[8] J. D. Gibbon and K. Ohkitani, Evidence for singularity formation in a 
class of stretched solutions of the equations for ideal MUD, Tubes, sheets 
and singularities in fluid dynamics (Zakopane, 2001), Fluid Mech. Appl., 
71, Kluwer Acad. Publ., Dordrecht, (2002), pp. 295-304. 

[9] Y. Giga and R. V. Kohn, Asymptotically Self-Similar Blow-up of Semilin- 
ear Heat Equations, Comm. Pure Appl. Math., 38, (1985), pp. 297-319. 

[10] R. Granei, Adaptive mesh refinement for singular structures in incom- 
pressible hydro- and magnetohydrodynamic flows, Hyperbolic problems: 
theory, numerics, applications, Vol. I (Zurich, 1998), Internat. Ser. Nu- 
mer. Math., 129, Birkhauser, Basel, (1999), pp. 401-410. 

[11] T. Y. Hou and R. Li, Nonexistence of Local Self-Similar Blow- 
up for the 3D Incompressible Navier-Stokes Equations, arXiv-preprint, 
math.AP/0603126 

[12] T. Kato, Nonstationary flows of viscous and ideal fluids in 1R 3 , J. Func- 
tional Anal. 9, (1972), pp. 296-305. 



15 



[13] S. Klainerman and A. Majda, Singular limits of quasilinear hyperbolic 
systems with large parameters and the incompressible limits of compress- 
ible fluids, Comm. Pure Appl. Math., 34, (1981), pp. 481-524. 

[14] J. Leray, Essai sur le mouvement d'un fluide visqueux emplissant 
Vespace, Acta Math. 63 (1934), pp. 193-248. 

[15] J. Necas, M. Ruiicka and V. Sverdk, On Leray's self-similar solutions of 
the Navier-Stokes equations, Acta Math., 176, no. 2, (1996), pp. 283-294. 

[16] K. Ohkitani,7l note on regularity conditions on ideal magnetohydrody- 
namic equations, Phys. Plasmas, 13, no. 4, 044504, (2006), 3 pp. 

[17] M. Sermange and R. Temam, Some mathematical questions related to 
the mhd equations, Comm. Pure Appl. Math., 36, Issue 5, (1983), pp. 
635-664. 

[18] R. Temam, Navier-Stokes equations, 3rd ed., Elsevier Science Pub., 
(1984). 

[19] T-P. Tsai, On Leray 's self-similar solutions of the Navier-Stokes equa- 
tions satisfying local energy estimates, Arch. Rat. Mech. Anal., 143, no. 
1, (1998), pp. 29-51. 



16 



